Log majorization via an order preserving operator inequality  by Furuta, Takayuki
Linear Algebra and its Applications 431 (2009) 132–138
Contents lists available at ScienceDirect
Linear Algebra and its Applications
j ourna l homepage: www.e lsev ie r .com/ loca te / laa
Log majorization via an order preserving operator
inequality
Takayuki Furuta
Department of Mathematical Information Science, Tokyo University of Science, 1-3 Kagurazaka, Shinjukuku, Tokyo 162-8601, Japan
A R T I C L E I N F O A B S T R A C T
Article history:
Received 24 November 2008
Accepted 13 February 2009
Available online 17 March 2009
Submitted by R.A. Brualdi
Dedicated to Professor Tsuyoshi Ando on his






Order preserving operator inequality
A capital letter designates an n × n matrix. For every A > 0,
B  0, 0  α  1 and each t ∈ [0, 1], (AαB)h 
(log)
A1−t+rβ(A1−tsB)
holds for s  1 and r  t, where h = (1−t+r)s
(1−αt)s+αr and β = hs α and





r for r  1. From this point of view, we shall show
the following further extension. For everyA > 0,B  0, t ∈ [0, 1] and
















A1−t · · · {Ap3 (A1−t p2B)
n times︷ ︸︸ ︷} } · · · } }︸ ︷︷ ︸
A1−t appears n times and A appear n−1 times by turns
holds, where h, β and ϕ[2n; r, t] are as follows:
h = p1p2· · ·p2n(1 − t + r)
ϕ[2n; r, t] and β =
h
p1p2· · ·p2n ,
 This work was supported by Grant-in-Aid for Scientiﬁc Research (C).
E-mail address: furuta@rs.kagu.tus.ac.jp
0024-3795/$ - see front matter © 2009 Published by Elsevier Inc.
doi:10.1016/j.laa.2009.02.011
T. Furuta / Linear Algebra and its Applications 431 (2009) 132–138 133
where
ϕ[2n; r, t] = {· · ·[{[(p1 − t)p2 + t]p3 − t}p4 + t]p5 − · · · − t}p2n + r︸ ︷︷ ︸











pi + · · · +
2n∏
i=7
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1. Introduction
A capital letter designates an n × nmatrix in this paper.
Theorem LH (Löwner–Heinz inequality, denoted by (LH) brieﬂy).
If A  B  0 holds, then Aα  Bα for any α ∈ [0, 1]. (LH)
Many nice proofs of (LH) are known and we mention [2]. Although (LH) asserts that A  B  0
ensures Aα  Bα for any α ∈ [0, 1], unfortunately Aα  Bα does not always hold for α>1. The following
result has been obtained from this point of view.




































hold for p  0 and q  1 with (1 + r)q  p + r.





q = 1 p = q
(1 + r ) q = p + r
Fig. 1.
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holds for r  t and s  1.
The original proof of Theorem B is in [6] and an alternative one is in [3]. It is shown in [11] that the
exponent value 1−t+r
(p−t)s+r of the right hand of (1.1) is best possible and alternative ones are in [4,12]. It
is known that the operator inequality (1.1) interpolates Theorem A and an inequality equivalent to the
main result of Ando-Hiai logmajorization [1] by the parameter t ∈ [0, 1]. That is, when t = 0 and s = 1,









for p  1 and r  0 which is the essential part of


















holds for p  1 and r  1





r for every A,B  0, 0  α  1 and r  1.
Very recently we obtained the following result which is an extension of Theorem B.
Theorem C [8]. Let A  B  0 with A>0. Let p1, p2, . . ., p2n  1 for natural number n and let t ∈ [0, 1].











































2 · · ·A −t2︸ ︷︷ ︸











ϕ[2n; r, t] = {· · ·[{[(p1 − t)p2 + t]p3 − t}p4 + t]p5 − · · · − t}p2n + r︸ ︷︷ ︸











pi + · · · +
2n∏
i=7






















In this paper we shall transform Theorem C into log majorization which is an extension of the
previous result.
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2. Transformation of Theorem C into log majorization















λi(B) i.e., detA = detB,
where λ1(A)  λ2(A)  · · ·  λn(A) and λ1(B)  λ2(B)  · · ·  λn(B) are the eigenvalues of A and B,
respectively, arranged in decreasing order. When 0  α  1, α-power mean of positive invertible











Further, AαB for A,B  0 is deﬁned by AαB = limε↓0(A + εI)α(B + εI).
For the sake of convenience for symbolic expression, we deﬁned AsB in [6], for any real number s  0
and for A>0 and B  0, by the following











AsB in case 0  α  1 just coincides with the usual α-power mean AαB.
We can transform Theorem C into the following log majorization.
Theorem 2.1. For every A>0,B  0, and p1, p2, . . ., p2(n−1), p2n−1, p2n  1 for any natural number n, t ∈
















A1−t · · ·{Ap3
(
A1−tp2B




A1−t appears n times and A appear n−1 times by turns
(2.1)
holds, where h,β and ϕ[2n; r, t] are as follows:
h = p1p2· · ·p2n(1 − t + r)
ϕ[2n; r, t] and β =
h
p1p2· · ·p2n , (2.2)
where ϕ[2n; r, t] is deﬁned in (1.3).













2 [A −t2 {· · ·[A t2 {A −t2︸ ︷︷ ︸








2 }p3A t2 ]p4 · · ·A −t2 ]p2n−1A t2
]p2n
︸ ︷︷ ︸






In the same way in the proof of [1, Theorem 2.1], by arranging the order of homogeneity in (2.3),
to prove (2.3) we have only to show that I  A 1
p1

















2 [A −t2 {· · ·[A t2 {A −t2︸ ︷︷ ︸








2 }p3A t2 ]p4 · · ·A −t2 ]p2n−1A t2
]p2n
︸ ︷︷ ︸














2 [A −t2 {· · ·[A t2 {A −t2︸ ︷︷ ︸








2 }p3A t2 ]p4 · · ·A −t2 ]p2n−1A t2
]p2n
︸ ︷︷ ︸




































































































2 [A −t2 {· · ·[A t2 {A −t2︸ ︷︷ ︸








2 }p3A t2 ]p4 · · ·A −t2 ]p2n−1A t2
]p2n
︸ ︷︷ ︸





holds, that is, we have (2.4) as desired, where β and h are as follows:
β = (1 − t + r)
ϕ[2n; r, t] =
h
p1p2· · ·p2n
where ϕ[2n; r, t] is in (1.3) and the proof of (2.1) is complete. 





A1−t+rβ{A1−tp4 {Ap3 (A1−tp2B)}} (2.6)
holds, where β and h are as follows:
h = p1p2p4p4(1 − t + r)
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Proof. We have only to put n = 2 in Theorem 2.1. 






Arβ(Ap2n−1 (Ap2n−3 (Ap2n−5 (· · ·Ap5 (A︸ ︷︷ ︸
A appears n−1 times
p3B
p2 )p4 )p6 )p8 · · ·))p2n︸ ︷︷ ︸
blackets n−1 times
(2.7)
holds, where h and β are as follows:

















and β = hp1p2···p2n .
Proof. We have only to put t = 1 in Theorem 2.1. 







holds, where β and h are as follows:
h = p1p2p3p4r




Proof. We have only to put t = 1 in Corollary 2.2 or we have only to put n = 2 in Corollary 2.3. 





holds for s  1 and r  t, where
h = (1 − t + r)s




Corollary 2.2 yields TheoremD by replacing 1p1
byα ∈ [0, 1], p3 = p4 = 1 and p2 = s  1 in Corollary
2.2.






Bs for r  1 and s  1.
where h = [αs−1 + (1 − α)r−1]−1, (h is the harmonic mean of s and r)





r for r  1.
We remark that Theorem F is very useful and fundamental result in log majorization and Theorem
E yields Theorem F putting r = s. Theorem D yields Theorem E putting t = 1 and also Corollary 2.4
implies Theorem E by replacing 1p1
by α ∈ [0, 1], putting p3 = 1 and ﬁnally replacing p2p4  1 by s  1.
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